We characterize the boundary of the convex compact set of absolutely separable states that cannot be transformed to entangled states by global unitary operators in 2 ⊗ d Hilbert space. In particular, we show that the absolutely separable states of rank-(2d − 1) are extreme points of such sets. Moreover, we prove the existence of full-rank extreme and boundary points for those Hilbert spaces. Properties of certain interior points are also explored. We further show that by exploring the boundary of the above set, it is possible to develop an algorithm to generate the absolutely separable states which stay outside the maximal ball. By exploring paradigmatic noise models, we find the amount of local noise which the input entangled states can sustain, so that the output states do not become absolutely separable. Interestingly, we report that with the decrease of entanglement of the pure input state, critical depolarizing noise value, transferring an entangled state to an absolutely separable one, increases, thereby showing advantages of sharing nonmaximally entangled states.
(|0 − |1 ), two-qubit CNOT gate can create a maximally entangled state. However, it was shown that there are bipartite states from which it is not possible to generate entanglement by acting joint (global) unitary operations. They are called absolutely separable states [20, 21] (see also Refs. [22] [23] [24] [25] [26] [27] in this regard). In a resource theory in which global unitary operators are free operations, the set of absolutely separable states are not useful states. However, it is important to understand the properties of such states from resource theoretic point of view.
Recently, it has been shown that for a given Hilbert space, the set of absolutely separable states form a convex and compact set [25] . Therefore, it is always possible to detect those states by constructing witness operators (for entanglement witnesses, see Refs. [28] [29] [30] ) from separable ones which can be converted to entangled states under global unitary operators by applying the Hahn-Banach separation theorem [31] . In this context, we note that to construct optimal witness operators, it is important to explore the boundary points of the set of absolutely separable states. Moreover, KreinMilman theorem [32] states that a convex compact set corresponding to a finite dimensional vector space is equal to the convex hull of the extreme points of that set. Therefore, to understand a convex compact set, it is enough to know about the extreme points of that set.
The main objectives of the present work is twofolded: (i) We consider the characterization of absolutely separable states by exploring the boundary of the set of absolutely separable states when the quantum system is associated with a 2 ⊗ d Hilbert space. In particular, we show the states having rank-(2d − 1) in 2 ⊗ d always be extreme points of the set. On the otherhand, the states having full-rank can be interior as well as extreme points of the above set, which can be on or outside of the maximal ball. By exploring the boundary of this set, it is also possible to develop an algorithm to generate the absolutely separable states which stay outside the maximal ball (it is the maximal ball arround maximally mixed state in which all the states are separable) [33, 34] . (ii) We further search for noisy scenarios which result absolutely separable states. Finding such situations can be interesting from the perspective of experiments. Specifically, we find critical strengths of local noise for different prototypical noise models [1, 2] , which lead to absolutely separable states. Since entangled states cannot be generated from absolutely separable states by applying global unitary operators, effects of local decoherence on state space induces irreversibility in the theory of entanglement.
This manuscript is arranged as follows: After a few basics, presented in Sec. II, we characterize the set of absolutely separable states in Sec. III. In Sec. IV, we address the question of irreversibility appeared due to the existence of absolutely separable states when an entangled state is affected by decoherence. Finally, we conclude in Sec. V.
II. PRELIMINARIES
Absolutely separable states are those which cannot be transformed to an entangled states under the action of global unitary operators. For any given Hilbert space, the identity operator is an example of absolutely separable operator. For a 2 ⊗ d Hilbert space, there is a necessary and sufficient condition to check whether a separable state is absolutely separable [21, 22, 24] . In particular, it was shown that in a 2 ⊗ d system, a state is absolutely separable if and only if
where λ 1 , . . . , λ 2d are the eigenvalues in decreasing order corresponding to a bipartite density matrix ρ AB , associated with a 2 ⊗ d Hilbert Space [21, 22, 24] .
With increasing importance of the entangled states, the properties of states lying in the neighborhood of the maximally mixed states [35] were studied. It was shown that the largest ball of separable as well as absolutely separable states around maximally mixed state in a two-qubit system can be described by Tr(ρ 2 ) ≤ 1 3 [20, 33, 34] . This ball is known as maximal ball. In general, for a d ⊗ d system, the maximal ball can be described by Tr(ρ 2 ) ≤ [33, 34] . However, it was found that there are absolutely separable states which reside outside the maximal ball [20] . So, to understand these states, it is important to construct such states.
The possible structures of witness operators which separates absolutely separable states from the separable states were explored in [25] . But to make these operators optimal, one may require to explore the boundary points of the set of absolutely separable states. So, understanding these boundary points is one of the main objectives, discussed in the succeeding section. In this regard, remember that a state is not an extreme point of a convex set if it can be written as a convex combination of two or more absolutely separable states. On the other hand, if an absolutely separable state does not allow any such decomposition, then it must be an extreme point of the set.
III. CHARACTERIZATION OF ABSOLUTELY SEPARABLE STATES
Let us now concentrate on any two-party state, ρ AB in 2 ⊗ d which is absolutely separable. It is known that the pure product states can always be transformed to entangled states under global unitary operations. From condition (1), it is also clear that rank-2 states cannot be absolutely separable states in 2 ⊗ d [21, 22, 24] . Moreover, the condition given in (1), tells that the mixed states having rank ≤ (2d − 2) cannot be absolutely separable in 2 ⊗ d. So, in 2 ⊗ 2, absolutely separable states can have rank 3 and 4. Since the set of absolutely separable states is a convex and compact set in any dimension [25] , it is possible to explore certain geometric properties of such a set, especially the structure of the extreme points of the set of absolutely separable states. Here, we say this set as AS. We prove the following proposition for absolutely separable states having lowest rank in 2 ⊗ 2: Since, there is only one particular structure, possible for rank-3 absolutely separable states, any rank-3 state which does not capture such a structure must not be an absolutely separable state. Now, we mention here the following remark: Remark 1. The number of rank-3 extreme points of AS in 2 ⊗ 2 can be infinitely many and they resides on the maximal ball.
This is because in a two-qubit Hilbert space, one can choose three orthogonal states in infinitely many possible ways and then, take an equal mixture of three orthogonal states, leaving the final state to be an extreme point of AS. Next, using the condition given in (1), the generalization of the above proposition for a 2 ⊗ d system is presented: Interestingly, there exist rank-4 absolutely separable states in 2 ⊗ 2 which can stay outside the maximal ball [20] . In this context, we mention that there is no known protocol to produce rank-4 absolutely separable states in 2 ⊗ 2 which reside outside the maximal ball. We now propose a prescription to produce rank-4 absolutely separable states which reside outside the maximal ball. This can be done by exploring the boundary of AS.
1. Take a rank-3 state in 2 ⊗ 2 which is not absolutely separable, i.e., such states must reside outside the maximal ball. From Proposition 1, it is clear that such states are of the form ∑ 3 i=1 p i |ψ i ψ i | with at least one p i , not equal to the other p i s.
2.
Consider a pure state in 2 ⊗ 2 which is orthogonal to the previous state. Pure states are not included in the maximal ball and they cannot be absolutely separable either.
3. Suitable convex combination of these two states can produce rank-4 states in 2 ⊗ 2 which are absolutely separable. But we have to take the convex combination in such a way that the newly generated states reside outside the maximal ball for some choices of parameters.
Example. Let us now illustrate the recipe discussed above by an example. We consider a two-qubit rank-3 state ρ 1 = 1 2 |00 00| + 1 4 |01 01| + 1 4 |10 10|, which is not an absolutely separable state. Also consider a pure state ρ 2 = |11 11| which cannot be absolutely separable. These two states are orthogonal to each other. So, any convex combination of them must be a rank-4 state. We now take convex combination of these two states qρ 1 + (1 − q)ρ 2 in a way that q = Notice that in the above, when q = 16 17 , the newly prepared rank-4 state is just included into AS. Therefore, it is a boundary point of the set. But it is not known whether the state is an extreme point of AS. Note that the above protocol is quite easy to generalize for 2 ⊗ d. In that case, one has to start with a rank-(2d − 1) state which is not included in the maximal ball as well as in AS (can be found by Corollary 1). Then consider a pure state which is orthogonal to the previous state and the rest is as described in the above.
Let us now move to full-rank, i.e., rank-4 absolutely separable states in 2 ⊗ 2 and discuss different properties of a set consisting of such states. It is known that there exists a ball around the maximally mixed state, (I/d 2 ), in d ⊗ d and all the states, belonging to that ball, are absolutely separable [33, 34] . So, the maximally mixed state is an interior point of AS in d ⊗ d. Clearly, any state ρ (except the maximally mixed state) which is an interior point of AS, can be written as a convex combination of the maximally mixed state (I/d 2 ) and another absolutely separable state σ, where ρ = σ, and both ρ and σ are not maximally mixed. Note that for different states ρ, the states σ can be different. However, the states which do not allow such a decomposition must be boundary points of AS. We now present the following observation: Proposition 2. In 2 ⊗ 2, any rank-4 absolutely separable state ρ which satisfy the condition λ 1 − λ 3 = 2 √ λ 2 λ 4 , cannot be written as a convex combination of the maximally mixed state (I/4) and another absolutely separable state σ, not maximally mixed, with ρ = σ, where λ i s are the eigenvalues of ρ in decreasing order.
Proof. We consider a spectral decomposition of the above state ρ = ∑ 4 i=1 λ i |ψ i ψ i |. Now, consider a decomposition of ρ as the following:
where can be considered as a very small number and I is the identity operator. Now, the question is whether σ is an absolutely separable state. The state σ is absolutely separable if and only if the eigenvalues of it (λ i − )/(1 − 4 ) (in the decreasing order) obey the condition (1). If it is the case then
, leading to the fact that σ cannot be absolutely separable. Thus, it is proved that if the eigenvalues of ρ (in the decreasing order) obey the condition λ 1 − λ 3 = 2 √ λ 2 λ 4 then the state cannot be written as a convex combination of the maximally mixed state and another absolutely separable state.
In the above, it is clear that any state ρ whose eigenvalues (in the decreasing order) obey the condition
are the boundary points of AS. Next, we describe an important property of certain interior points of the set. Proposition 3. In 2 ⊗ 2, if the eigenvalues (in the decreasing order) of a rank-4 absolutely separable state (except the maximally mixed state) satisfy the condition λ 1 − λ 3 < 2 √ λ 2 λ 4 the state can be written as a convex combination of the maximally mixed state and a boundary point of AS.
Proof. We consider the states other than the maximally mixed state. Suppose, the spectral decomposition of such a state is given by ρ = ∑ 4 i=1 λ i |ψ i ψ i |. This state can be decomposed into the following form:
Our goal is to prove that the state σ in the above decomposition is a boundary point of AS. Because if it is the case then the absolutely separable state ρ can be written as the convex combination of the maximally mixed state and a boundary point of AS. Notice that the eigenvalues of σ are given by
Clearly, it is possible to consider ≤ λ 4 
Let us now address another important question: Are all boundary points of AS extreme points? In the following, we show that this is not the case. Proposition 4. In 2 ⊗ 2, there exist rank-4 absolutely separable states which are the boundary points of AS but they are not extreme points of the set.
Proof. We simply construct a class of states, the eigenvalues (in the decreasing order) of which satisfy the condition (1) with equality and the constructed states allow some convex decomposition. Specifically, let us consider a two-qubit state
, where λ i s are in decreasing order and they satisfy the condition λ 1 − λ 3 = 2 √ λ 2 λ 4 . Similarly, we have another two-qubit state 
κλ 4 ]/2. λ i s also satisfy similar relations. [Notice that for i = 1, 2, 3, λ i s or λ i s are the function of λ 4 or λ 4 respectively. Similarly, for i = 1, 2, 3, µ i s are also the same function of µ 4 .] However, for proper choice of κ, λ 4 , λ 4 , one can get λ i s and λ i s in decreasing order. Thus, one can generate absolutely separable states which satisfy the condition given in (1) with equality. Moreover, these states allow convex decomposition, implying the fact that such states are boundary points but not extreme points of AS. To constitute an example, one may consider κ = 2.5, λ 4 = 0.1, and λ 4 = 0.11.
In the above context, we mention that if we assume for σ 1 , λ 1 − λ 3 < 2 √ λ 2 λ 4 and for σ 2 , λ 1 − λ 3 < 2 λ 2 λ 4 , for any newly generated state, µ 1 − µ 3 must be less than 2 √ µ 2 µ 4 . Nevertheless, which states are the rank-4 extreme points of AS in 2 ⊗ 2 is still an open problem but we are able to prove the existence of such states in the succeeding proposition.
Proposition 5. In 2 ⊗ 2, there exist rank-4 absolutely separable states outside the maximal ball which are extreme points of AS.
Proof. In Proposition 1, we have proved that all rank-3 absolute separable states are extreme points of AS. Moreover, they reside on the surface of maximal ball, defined by Tr[ρ 2 ] ≤ 1 3 . We mention here that the maximal ball is a convex set, based on the fact that convex combination does not allow to increase purity. We know that there are rank-4 absolute separable states outside the maximal ball. Example of such a state is explicitly constructed after Proposition 1. Obviously, these rank-4 states cannot be written as a convex combination of rank-3 extreme points of AS. Since these states reside outside the maximal ball. Therefore, such a state is either an extreme point of AS or they can be written as a convex combination of rank-4 extreme points of AS out side the maximal ball. This completes the proof.
IV. INTERCONVERTABILITY BETWEEN ABSOLUTE SEPARABLE AND ENTANGLE STATE
Entanglement is a resource for different quantum information processing tasks. Since absolutely separable states cannot be transformed to entangled states under global unitary operations, their existence puts restriction on the state space. First, we discuss how auxiliary systems can help to overcome absolute separability and prescribe a method to identify operations on AS so that it becomes entangled. Secondly, we address how an entangled state get converted into separable or absolutely separable state through noisy channels.
A. Qubit assisted entanglement generation
It is easy to notice that given an absolutely separable state if one enlarges the local dimension, one can find joint unitary operator(s) corresponding to the higher dimensional Hilbert space, which can generate entanglement. In this regard, we present the following: Observation 1. If the absolutely separable state is of fullrank, there can be restriction on the form of the auxiliary qubit, where for a non-full rank absolutely separable state, any auxiliary qubit can serve the purpose.
The first part is simple to establish. Suppose, for a two-qubit system, the maximally mixed state is given. Obviously, that state is an absolutely separable state. Now, if the second party enlarges the local dimension by considering an auxiliary qubit, then it must not be prepared in the maximally mixed state in order to generate entanglement by applying a global unitary operator. Because if the auxiliary qubit is prepared in a maximally mixed state, the overall state is again a maximally mixed state in 2 ⊗ 4 and thus, generating entanglement using any global unitary operator is not possible.
On the other hand, suppose, a non-full rank absolutely separable state is given in 2 ⊗ 2. Then an auxiliary qubit can be properly chosen if one wants to enlarge the local dimension, so that a separable state of rank lower than 2d − 1 can be obtained, which by construction is not absolutely separable. So, using the final state, entanglement can be generated via a suitable global unitary operator. This follows from the fact that in 2 ⊗ d, a state which have rank less than 2d − 1 cannot be absolutely separable.
From the above observation, we prescribe a possible way of creating entangled state from AS and derive Kraus operators for that kind of operations. Suppose global unitary operator, U, acts both on an absolutely separable state and an auxiliary state |0 0|. Mathematically, (4) where
B. Identifying absolutely separable states in noisy environments
In realistic scenarios, due to imperfection in preparation procedure or interaction with the environment, the entangled state generated in the laboratory is not a pure one. This effect of noise can be modeled in various ways. Typically, a local noisy channel destroys entanglement, thereby creates a separable state [5] which may or may not be absolutely separable. We are interested to find the amount of noise required in the channel to produce absolutely separable states. Such a study can be important for two reasons -(1) in experiments, a state is always affected by noise, (2) finding out the range of noise parameter which makes the state absolutely separable, is significant to avoid them.
We deal with three paradigmatic noise models, namely depolarizing, amplitude damping, and phase damping channels which can affect an initial state differently, thereby, generate absolutely separable states in independent ways. Before discussing the consequence of noisy channels on a given state, let us first fix the transformation of the input state that happens due to the interactions between the environment and the system. The depolarizing channel (DPC), Λ DPC takes an arbitrary quantum state, ρ to ρ = Λ DPC (ρ) = pρ + (1−p) 3 ∑ i=x,y,z σ i ρσ i where σ i (i = x, y, z)s represent the Pauli operators and (1 − p) is the strength of the noise.
On the other hand, the amplitude damping channel (ADC), Λ ADC acts asymmetrically on the states |0 and |1 . In particular, it keeps |0 unchanged while it flips |1 to |0 with probability (1 − p) and the corresponding Kraus operators which describe the effects of ADC are given by
The input state ρ after sending through the ADC results in an output state, represented as
Finally, we consider a scenario in which a qubit is sent through a phase damping channel (PDC), described by
with the operators K i , i = 1, 2, 3 are given by
A noisy environment always takes an initial pure state, |ψ = cos x 2 |00 + e −iφ sin x 2 |11 with 0 ≤ x ≤ π and 0 ≤ φ ≤ 2π to a mixed one which may or may not be an entangled state. Note that the input state |ψ is entangled for all values of x and φ except when x = 0 or π. We assume here that two independent and identical channels, Λ 1 (p) ⊗ Λ 2 (p), act on the input state where Λ i can be either DPC or ADC or PDC and we are interested with the properties of output state.
Absolutely separable states via depolarizing channels
Let us start the investigation by studying the features of the output state obtained after sending the initial state via local depolarizing channels (also see Ref. [36] in this regard), i.e.,
The characteristics of the resulting state can be summarized as the following: Note that |ψ is maximally entangled with x = π/2. It is sent through local depolarizing channels which produce separable as well as absolutely separable states with the variation of parameter p. Blue, green, red lines correspond to x = π/2, x = π/6, and x = π/12 respectively. Doted lines represent the minimum eigenvalues of the partial transposed output states for different values of x while dashed ones are the condition for absolutely separable states, given in Eq. (1). In the figure, it is clear that there exists a range of p where the output state is separable but not absolutely separable when the input state is a pure nonmaximally entangled state.
1. The output state is a rank-4 state. As discussed in Sec. III, the full-rank states can in principle be an absolutely separable for certain choices of p, x and φ. For any fixed values of x, we find that there exists a critical value of noise above which the output state is absolutely separable.
2. Two eigenvalues of the output state are same and are independent of the input state parameter, x and φ, while the other two depends on x and p. For a fixed value of x, we observe that there exists a critical value of noise 1 − p abs , above which the state is absolutely separable (see Fig. 1 ).
3. The partial transposed output state leads to the condition that the state is entangled when sin x > [4(1 + 2p)(1 − p)]/(4p − 1) 2 as depicted in Fig. 1 .
Remember that we have taken here the strength of the noise as (1 − p) while in the above figure, the plots are made with respect to the parameter p. However, looking at the properties 2 and 3, we observe that when [38] . On the other hand, if nonmaximally entangled state is mixed with the white noise, the gap in the strength of noise between separability and absolute separability emerges like the local depolarizing channels, establishing the usefulness of nonmaximally entangled states over the maximally entangled ones.
Absolutely separable states via amplitude damping channels
Let us now move to the scenario where two local ADCs are acted on |ψ , resulting to an output state of rank-4. It turns out that the output state is separable when tan(x/2) ≥ 1/(1 − p). By using Eq. (1), we can find the condition on p and x for which the resulting state is absolutely separable. Here also the eigenvalues are independent of the phase of the initial state.
Unlike the depolarizing channels, we find that the final state is absolutely separable only when x ≥ 2.325. The criteria for absolute separability is satisfied in the Fig. 2 . However, the absolute separability of the resulting state with respect to (fixed) noise in this case does not depend on the entanglement of the input state which is in a sharp contrast of DPC.
Absolutely separable states via phase damping channels
Phase damping channels make the pure rank-1 state to a rank-2 one and hence the output state produced after PDCs cannot be absolutely separable, as discussed in Sec. III. To obtain absolutely separable state by using PDCs, we either consider rank-2 state which can produce rank-3 state with equal mixing parameter or we can start with a rank-3 or a rank-4 state that can be absolutely separable.
To illustrate this feature, let us first consider a rank-3 state, given by where |ψ = cos (x/2) |00 + e −iφ sin (x/2) |11 . By Proposition 1, it is an extreme point of AS. If one sends the state through local PDCs, it is easy to check that the state becomes rank-4 except x = 0 as well as x = π and remains absolutely separable, i.e., it satisfies the condition (1) in a strict sense. Note that at x = 0 and x = π, the state remains unaffected by the PDCs. As a second example, let us consider the initial state for the PDCs as the Werner state, given by q|φ + φ + | + (1 − q) I 4 which is of rank-4. It is known that the state is separable as well as absolutely separable when q ≤ 1/3. When the state is sent through two noisy PDC channels, entanglement gets destroyed and hence the state becomes separable even for q > 1/3. We find that the state becomes separable against q in a bigger range than the value of q below which it is absolutely separable, as shown in Fig. 3 . Therefore, phase damping noise introduces a gap between separable and absolutely separable regions for Werner states.
V. DISCUSSION
Absolute separable states are those which cannot be made entangled by the action of global unitary operations. Therefore, from the resource theoretic perspective, characterization of the set of useless states aka absolute separable states is an important enterprise. In this work, we considered 2 ⊗ d dimensional states and showed that absolutely separable states of rank-(2d − 1) are all extreme points of the set of such states. We proved that the states with full-rank satisfying strict ab-solute separability condition are the interior points. We also showed that there exists full rank states which are the boundary and the extreme points of the set.
We showed a possible method to make absolutely separable states entangled by adding auxiliary system. We also considered the effect of local noise on pure as well as mixed input entangled states. We found the range of noise parameter which can produce absolutely separable states. We also showed that after sending maximally entangled states via local depolarizing channel, threshold noise value producing separable and absolute separable states coincide while with the decrease of entanglement content of the input pure state, the gap between these two critical values increases.
